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a b s t r a c t
The main motivation in using fuzzy numbers in finance lies in the need for modelling
the uncertainty and vagueness that are implicit in many situations. However, the fuzzy
approach should not be considered as a substitute for the probabilistic approach but
rather as a complementary way to describe the model peculiarities. Here, we consider,
in particular, the Black and Scholes model for option pricing, and we show that the
fuzzification of some key parameters enables a sensitivity analysis of the option price
with respect to the risk-free interest rate, the final value of the underlying stock price, the
volatility, and also better forecasts (see Thavaneswaran et al. (2009) [12] for details). The
sensitivities with respect to the variables of the model are represented by different letters
of the Greek alphabet and they play an important role in the definition of the shape of the
fuzzy option price.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Finance represents a good field in which to implement models for sensitivity analysis through fuzzy mathematics
(the first attempts are in [1–3]); sources of uncertainty, in fact, concern at least interest rates, future paths of security prices
and volatilities. In thewell-known Black and Scholesmodel for option pricing (introduced in [4]), the price of the underlying
price follows a geometric Brownian motion, and we believe that its stochastic nature has to be preserved and that it can
coexist successfully with the fuzzy modelling of some key parameters. The fundamentals of the Black and Scholes model
remain unchanged even if the model is enriched with a sensitivity analysis.
The fuzzy representation of the parameters has to answer a fundamental demand: the possibility of a flexible shape of
the fuzzy number in order to capture all the stylized facts of financial markets and a small error in the approximation of
fuzzy calculus in order to rigorously interpret the results.
In [5], we introduced the so-called LU representation of the fuzzy numbers, based on the use of parameterized lower and
upper monotonic functions to model the α-cuts (or the membership functions) of the fuzzy numbers. In [6,7] we show the
advantages of the use of LU-fuzzy numbers in fuzzy calculus: they generalize the LR-fuzzy setting in the direction of the
shape preservation and they also allow easy error-controlled approximations. The second section of this paper presents the
proposedmodel, trying to focus on its advantages both in flexibility and adaptability to real situations and in computational
efficiency.
In Section 3, we consider the Black and Scholes option pricing model, and we present a sensitivity analysis based on the
study of the option price when three parameters are supposed to be fuzzy numbers.
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Fig. 1. A fuzzy number as a ‘‘cascade’’ of intervals representing increasing uncertainty around the given value a.
Weapply Zadeh’s extension principle in order tomaintain the shape of the resulting fuzzy numbers andwe show that the
sensitivities with respect to the variables play an important role in the determination of the fuzzy option price. In Section 4,
we make a comparison with alternative approaches to the fuzzy Black and Scholes model and we show some meaningful
computational examples. Some notes and challenging observations conclude in Section 5.
2. Fuzzy fundamentals
The arithmetical structure of fuzzy numbers (introduced in the pioneering work by Zadeh in [8]) was developed in the
1980’s and has enabled the design of the elements of fuzzy calculus (see also [9]). More recently, the literature on fuzzy
numbers has grown in terms of contributions with respect to fuzzy arithmetic operations and the use of simple formulas to
approximate them; an extensive survey and bibliography on fuzzy intervals is given in [10].
The sensitivity analysis of the computational examples in Section 4 is based on the LU parametric representation
introduced in [5], specified in [6] and extensively detailed in [11]; however, before going into detail, we also give some
fundamental concepts about fuzzy numbers and calculus.
First of all, we recall the concepts of the support, level-cuts and core of a fuzzy set (or of its membership function). If µu
is the membership function of a fuzzy set u over X, then the support of u is the (crisp) subset of points of X at which the
membership grade µu(x) is positive:
supp(u) = {x|x ∈ X, µu(x) > 0}.
For α ∈ [0, 1], the α-level cut of u (or simply the α-cut) is defined by
[u]α = {x|x ∈ X, µu(x) ≥ α} (1)
and the core of u is the set of elements of X such that
core(u) = {x|x ∈ X, µu(x) = 1}. (2)
Then, a fuzzy quantity u is called a fuzzy number if ∃u ∈ R such that core(u) = {u}, and is called a fuzzy interval if
∃u−,u+ ∈ R,u− <u+ such that core(u) = [u−,u+]. In particular, the α-cuts of a fuzzy number or interval are non-empty,
compact intervals of the form
[u]α = [u−α , u+α ] ⊂ R.
The classical notation for an LR-fuzzy quantity is u = ⟨a, b, c, d⟩L,R for an interval, and u = ⟨a, b, c⟩L,R for a number,
where the functions L(.) and R(.) are the left and right branches (shape functions) of u, respectively.
Awide class of fuzzy numberswith the core at a ∈ R is obtained by considering itsmembership functionµ : R −→ [0, 1]
such that, denoting [a−, a+] the interval representing the support (corresponding to the membership level α = 0),
µ(x) =
L(x) if a
− ≤ x ≤ a
R(x) if a ≤ x ≤ a+
0 otherwise
for x ∈ R, (3)
where L(x) is an increasing function with L(a−) = 0 and L(a) = 1, and R(x) is a decreasing function with R(a) = 1 and
R(a+) = 0. A fuzzy number obtained by the form (3) is called LR-fuzzy number, and the two functions L(x) and R(x) are the
left and right branches of its membership function, respectively.
In our description, and in the applications, we will consider only fuzzy numbers with differentiable left and right
branches. The usual notation for an LR-fuzzy number is u = a−, a, a+L,R, and we refer to functions L(.) and R(.) as the
(left and right, respectively) shape functions of u (Fig. 1).
For values of α ∈ [0, 1], the α-cut is defined to be the compact interval [u]α = {x|µ(x) ≥ α} and the support is
[u]0 = cl{x|µ(x) > 0}. The level-cuts of a fuzzy number are ‘‘nested’’ closed intervals, and this property is the basis for the
LU representation (L for lower, U for upper).
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Definition 1. An LU-fuzzy quantity (number or interval) u is completely determined by any pair u = u−, u+ of functions
u−, u+ : [0, 1] −→ R, defining the end points of theα-cuts, satisfying the following three conditions: (i) u− : α −→ u−α ∈ R
is a bounded monotonic non-decreasing left-continuous function ∀α ∈ [0, 1] and is a right-continuous for α = 0;
(ii) u+ : α −→ u+α ∈ R is a bounded monotonic non-increasing left-continuous function ∀α ∈ [0, 1] and right-continuous
for α = 0; (iii) u−α ≤ u+α ∀α ∈ [0, 1].
The support of u is the interval [u−0 , u+0 ] and the core is [u−1 , u+1 ]. If u−1 < u+1 we have a fuzzy interval, and if u−1 = u+1
we have a fuzzy number. We refer to the functions u−(.) and u
+
(.) as the lower and upper branches on u, respectively.
The obvious relation between u−, u+ and the membership function µu is
µu(x) = sup{α|x ∈ [u−α , u+α ]}. (4)
In particular, if the two branches u−(.) and u
+
(.) are continuous invertible functions, then µu(.) is formed by two continuous
branches, the left being the increasing inverse of u−(.) on [u−0 , u−1 ] and the right being the decreasing inverse of u+(.) on [u+1 , u+0 ].
To model the monotonic branches u−α and u+α , we start with an increasing shape function p such that p(0) = 0 and
p(1) = 1 and a decreasing function q such that q(0) = 1 and q(1) = 0, with the four numbers u−0 ≤ u−1 ≤ u+1 ≤ u+0 defining
the support

u−0 , u
+
0

and the core

u−1 , u
+
1

, and we define
u−α = u−1 − (u−1 − u−0 )p(α) and (5)
u+α = u+1 − (u+1 − u+0 )q(α) for all α ∈ [0, 1] .
In [6], we show that p and q can be defined in several ways and chosen in a set of parameterized monotonic functions
(listed in [11]); in particular, the parameters are related to the first derivatives of p and q in 0 and 1. The motivation of the
choice lies in the possibility of easy fuzzy calculus.
When u−α and u+α are required to be more flexible, rather than using a single shape function, we can proceed piecewise
over a decomposition of the interval [0, 1] into N subintervals [αi−1, αi] for i = 1, 2, . . . ,N; in any decomposition, we
require (in the differentiable case) 4(N + 1) parameters to satisfy the following conditions:
u = (αi; u−i , δu−i , u+i , δu+i )i=0,1,...,N with (6)
u−0 ≤ u−1 ≤ · · · ≤ u−N ≤ u+N ≤ u+N−1 ≤ · · · ≤ u+0 (data)
δu−i ≥ 0, δu+i ≤ 0 (slopes),
and on each subinterval [αi−1, αi] we use the data u−i−1 ≤ u−i ≤ u+i ≤ u+i−1 and the parameters δu−i−1, δu−i ≥ 0 and
δu+i−1, δu
+
i ≤ 0. In this way we can obtain many types of fuzzy numbers.
The simplest representation is obtained on the decomposition of the interval [0, 1]without internal points, with N = 1
and α0 = 0, α1 = 1. In the plain case, u can be represented by a vector of eight components:
u = (u−0 , δu−0 , u+0 , δu+0 ; u−1 , δu−1 , u+1 , δu+1 ), (7)
where u−0 , δu
−
0 , u
−
1 , δu
−
1 define the lower branch u
−
α , and u
+
0 , δu
+
0 , u
+
1 , δu
+
1 define the upper branch u
+
α .
To obtain the value of a function in a fuzzy argument (for example the financial option value in our application), the
fundamental step is the computation of fuzzy-valued functions. Let v = f (u1, u2, . . . , un) denote the fuzzy extension of a
continuous function f in n variables; it is well known that the fuzzy extension of f to normal upper semicontinuous fuzzy
intervals (with compact support) has the level-cutting commutative property, i.e. the α-cuts[v−α , v+α ] of v are the images of
the α-cuts of (u1, u2, . . . , un) and are obtained by solving the box-constrained optimization problems
(EP)α :

v−α = min

f (x1, x2, . . . , xn)|xk ∈ [u−k,α, u+k,α], k = 1, 2, . . . , n

v+α = max

f (x1, x2, . . . , xn)|xk ∈ [u−k,α, u+k,α], k = 1, 2, . . . , n

.
(8)
With the exception of some cases for which the optimization problems above can be solved analytically, the direct
application of (EP) is complex and computationally intensive.
We approach the extension of a multivariate differentiable function f : Rn → R to a vector of n fuzzy numbers
u = (u1, u2, . . . , un)with k-th component
uk = (u−k,i, δu−k,i, u+k,i, δu+k,i)i=0,1,...,N for k = 1, 2, . . . , n
expressed by the LU representation. Let v = f (u1, u2, . . . , un) and v = (v−i , δv−i , v+i , δv+i )i=0,1,...,N be its LU representation;
the α-cuts of v are obtained by solving the box-constrained optimization problems (8).
For each α = αi, i = 0, 1, . . . ,N , the minimum and the maximum values in (8) can occur either at a point whose
components xk,i are internal to the corresponding intervals [u−k,i, u+k,i] or are coincident with one of the extremal values;
denote byx−i = (x−1,i, . . . ,x−n,i) andx+i = (x+1,i, . . . ,x+n,i) the points where the min and the max take place; then
v−i = f (x−1,i,x−2,i, . . . ,x−n,i) and v+i = f (x+1,i,x+2,i, . . . ,x+n,i),
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and the slopes δv−i and δv
+
i are computed (as f is differentiable) by
δv−i =
n−
k=1x−k,i=u−k,i
∂ f (x−1,i, . . . ,x−n,i)
∂xk
δu−k,i +
n−
k=1x−k,i=u+k,i
∂ f (x−1,i, . . . ,x−n,i)
∂xk
δu+k,i (9)
δv+i =
n−
k=1x+k,i=u−k,i
∂ f (x+1,i, . . . ,x+n,i)
∂xk
δu−k,i +
n−
k=1x+k,i=u+k,i
∂ f (x+1,i, . . . ,x+n,i)
∂xk
δu+k,i.
The methodology can present some critical aspects in the solution of the optimization problems (8), depending on the
dimension n of the solution space and on the possibility of many local optimal points (if the min and the max points are not
located with sufficient precision, an underestimation of the fuzziness may be produced and the propagation of the errors
may grow without control).
3. Fuzzy varying Black and Scholes model
The evidence of financial markets has often shown the weakness of the Black and Scholes hypothesis; in particular, the
formula relies on two rarely true assumptions: fluctuations in the share price follow a normal distribution, like in Bachelier’s
model from 1900, and volatility is constant during the lifetime of the option. Despite these warnings, the Black and Scholes
formula is today the formula most adopted by derivative traders and fund managers all over the world, with the slight
difference that it is no longer used to predict prices but the price is an input to compute the implied volatility, which is
overall considered a benchmark as a risk indicator.
Many attempts in the financial literature have been devoted to augmenting the flexibility of the model, but most of
them (stochastic volatility and jump diffusion models for example) are not completely satisfactory in terms of simplicity
and applicability of the results. We show that the LU-fuzzy parameterization of some key variables outlines a model that
preserves the original hypothesis of the probability structure and introduces more degrees of freedom in order to capture
stylized real facts of markets. In [12] a fuzzy version of discrete time stochastic volatility models is studied.
Our first attempt to approach a sensitivity analysis was in [11], and now we want to refine the methodology.
We briefly recall that the Black and Scholes formulas for a call option C and a put option P (in the case of a stock which
pays no dividends between now and the expiration dates of the options) are expressed as functions of the underlying stock
price process {St}t≥0 satisfying the stochastic differential equation: and the call option C is a function
dSt = rStdt + σ StdWt
of the constant risk-free interest rate r , the constant volatility σ , the constant strike price X and the constant time to
maturity T :
C(S, r, σ , X, T ) = SN (d1)− Xe−rTN (d2) (10)
and
P(S, r, σ , X, T ) = Xe−rTN (−d2)− SN (−d1) , (11)
where
d1 = ln
 S
X
+ rT
σ
√
T
+ σ
2
√
T and d2 = d1 − σ
√
T
and N(x) is the cumulated normal distribution function
N(x) =
∫ x
−∞
Φ(t)dt withΦ(t) = 1√
2π
e−
t2
2 .
In practical use, the Black and Scholes formula suggests the introduction of important sensitivities, commonly known as
the Greeks, to define a hedging strategy for an option, in particular to control its exposure to market risk.
The Greeks are quantities representing the market sensitivities of the options or other derivatives; computing and
managing Greeks is essential for hedging strategies and risk management when the underlying model is the Black and
Scholes model.
Greek hedging corresponds to a linearized approach to riskmanagement because it is not expected toworkwhenmarket
conditions change dramatically after some event, but it consists of neutralizing the derivatives, or at least keeping them
within some limits.
The first Greek is called delta, and it is the sensitivity of the option value to small changes in its underlying asset, basically
what is often thought of as the primary source of risk; for a call, it is defined as
deltaC (S, r, σ , X, T ) = ∂C
∂S
= N (d1) > 0, (12)
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and for a put, it is defined as
deltaP(S, r, σ , X, T ) = ∂P
∂S
= −N (−d1) < 0.
Regarding the sign, it always happens that the delta of a call is non-negative, and the delta of a put is non-positive.
In the case of a portfolio of derivatives written on the same underlying, for example, one of the most common strategies
to control the risk is the so-called delta hedging, obtained when the derivative of the portfolio with respect to delta is equal
to zero.
The sensitivity vega is the sensitivity of the option to volatility, and it is the same for a call and a put:
vegaC (S, r, σ , X, T ) = ∂C
∂σ
= SΦ (d1)
√
T > 0 (13)
vegaP(S, r, σ , X, T ) = ∂P
∂σ
= SΦ (d1)
√
T > 0.
Finally, the sensitivity rho measures the sensitivity to the risk-free interest rate, and for a call and a put it is defined
respectively as
rhoC (S, r, σ , X, T ) = ∂C
∂r
= XTe−rTN (d2) > 0 (14)
rhoP(S, r, σ , X, T ) = ∂C
∂r
= −XTe−rTN (−d2) < 0.
In general, the rho derivative is not considered very interesting because in financial markets the interest rates change in
a stochastic way, and one can manage the exposure towards interest rate changes in the bond markets without dealing in
the derivative markets.
In view of the application of the fuzzy extension principle, and considering the signs of the Greeks, we can easily deduce
that, for all X and T ,
1. C is increasing with respect to S, σ and r;
2. P is decreasing with respect to S and r and increasing with respect to σ .
Wenow turn our attention to the determination of the fuzzy version of the Black and Scholes formula that can be obtained
by the direct application of the extension principle.
We fuzzify (10) and (11) by introducing fuzzy numbers for the underlying stock price, because the normality assumption
seems to be unsatisfactory, for the volatility, because the constant hypothesis is not consistent with real facts, and, for
the risk-free interest rate, because an uncertainty on it helps in capturing market dynamics; their LU-fuzzy forms become,
respectively,
S = S−i , δS−i , S+i , δS+i i=0,1,...,N
σ = σ−i , δσ−i , σ+i , δσ+i i=0,1,...,N
r = r−i , δr−i , r+i , δr+i i=0,1,...,N ,
and we denote by
C = C−i , δC−i , C+i , δC+i i=0,1,...,N
P = P−i , δP−i , P+i , δP+i i=0,1,...,N
the LU-fuzzy representations of the call and put option prices based on the given fuzzy S, σ and r (and crisp X and T ). It
follows that the fuzzy extensions of C and P can be easily obtained, as the min and the max values always occur at vertex
points of the hyperrectangles
S−i , S
+
i
× σ−i , σ+i × r−i , r+i 
for each X and T . In particular, C is increasing with respect to all the fuzzy arguments: so its minimum value is attained at
S−i , σ
−
i , r
−
i , X, T

, while the maximum is at

S+i , σ
+
i , r
+
i , X, T

; analogously, the minimum for P is in

S+i , σ
−
i , r
+
i , X, T

and the maximum for P is in

S−i , σ
+
i , r
−
i , X, T

.
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It then follows that
C−i = C

S−i , σ
−
i , r
−
i , X, T

(15)
C+i = C

S+i , σ
+
i , r
+
i , X, T

(16)
and
P−i = P

S+i , σ
−
i , r
+
i , X, T

(17)
P+i = P

S−i , σ
+
i , r
−
i , X, T

. (18)
The fact that the function f (x1, x2, . . . , xn) in (8) has a sufficiently simple form in (10) or (11) implies that the analytical
expressions for v−i , δv
−
i , v
+
i and δv
+
i can be explicitly obtained. Moreover, applying the extension principle in (9) with
vectorxi equal to Si,ri,σi; X, T, we obtain that the partial derivatives that define the slopes of the representation are
nothing other than the first-order Greeks; in particular,
∂ f
Si,ri,σi; X, T
∂S
is the deltat = ∂Ct
∂St
∂ f
Si,ri,σi; X, T
∂σ
is the vegat = ∂Ct
∂σt
∂ f
Si,ri,σi; X, T
∂r
is the rhot = ∂Ct
∂r
.
Regarding then the slopes of the LU-fuzzy extension of C and P , we obtain the following relationship:
δC−i =
∂C
∂S
δS−i +
∂C
∂σ
δσ−i +
∂C
∂r
δr−i
= deltaC (S−i , σ−i , r−i , X, T )δS−i + vegaC (S−i , σ−i , r−i , X, T )δσ−i + rhoC (S−i , σ−i , r−i , X, T )δr−i (19)
δC+i =
∂C
∂S
δS+i +
∂C
∂σ
δσ+i +
∂C
∂r
δr+i
= deltaC

S+i , σ
+
i , r
+
i , X, T

δS+i + vegaC

S+i , σ
+
i , r
+
i , X, T

δσ+i + rhoC

S+i , σ
+
i , r
+
i , X, T

δr+i , (20)
in which, surprisingly, the Greeks entirely define the slopes of the fuzzy extension of C . The surprise arises from the fact
that we represent the shape of the fuzzy call option price in terms of the well-known Greeks; it follows that the sensitivity
analysis of the fuzzy call price is analytically obtained in terms of the classical sensitivities of the option price.
Analogous results can be obtained for the slopes in the put option:
δP−i =
∂P
∂S
δS+i +
∂P
∂σ
δσ−i +
∂P
∂r
δr+i
= deltaP

S+i , σ
−
i , r
+
i , X, T

δS+i + vegaP

S+i , σ
−
i , r
+
i , X, T

δσ−i + rhoP

S+i , σ
−
i , r
+
i , X, T

δr+i (21)
and
δP+i =
∂P
∂S
δS−i +
∂P
∂σ
δσ+i +
∂P
∂r
δr−i
= deltaP

S−i , σ
+
i , r
−
i , X, T

δS−i + vegaP

S−i , σ
+
i , r
−
i , X, T

δσ+i + rhoP

S−i , σ
+
i , r
−
i , X, T

δr−i . (22)
By using the parameters obtained in (15), (16), (19) and (20) and one of the parameterized functions, we completely
describe the fuzzy extension of C; this is done analogously for P using (17), (18), (21) and (22).
4. Computational examples
Fuzziness in option pricing is applied because it is sometimes impossible to specify the exact values of several variables
due to some lack of knowledge in the derivatives market. We start off with some comparisons in order to appreciate the
strong features of the LU model.
Yoshida, in [13], introduces fuzzy logic for the Black and Scholes stochastic model by deriving the expected prices of
European options for a triangle-type shape function. He calls the fuzzy factor of the model the fuzziness c of the volatility
σ , because it is recognized as the most difficult variable to estimate.
Yoshida computes the expected price (equal to 0.774283) for a European call optionwith time tomaturity T = 0.5, strike
priceK = 35, interest rate r = 5%, volatilityσ = 25%with c = 0.05 and underlying stock price S = 30. The LUmethodology
in the same case produces a crisp call option price equal to 0.7694 with α = 0 support [0.4459, 1.1298] (Yoshida does not
report his value). When we also introduce uncertainty into the interest rate and in the underlying we obtain a crisp value
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Interest Rate Underlying Price
1
0.8
0.6
0.4
0.2
0
0.03 0.05 0.07
Volatility Fuzzy Call Option Price
1
0.8
0.6
0.4
0.2
0
1
0.8
0.6
0.4
0.2
0
0.2 0.25 0.3
1
0.8
0.6
0.4
0.2
0
28 30 32
0.137 0.7655 1.972
lower branch
upper branch
Fig. 2. LU representation for Yoshida’s example with additional fuzzy r and S.
Interest Rate Underlying Price
1
0.8
0.6
0.4
0.2
0
0.048 0.05 0.052
Volatility Fuzzy Call Option Price
1
0.8
0.6
0.4
0.2
0
1
0.8
0.6
0.4
0.2
0
0.08 0.1 0.12
1
0.8
0.6
0.4
0.2
0
32 33 34
2.371 3.3813 4.3944
lower branch
upper branch
Fig. 3. Example in Wu with triangular fuzzy rate, underlying price and volatility.
equal to 0.7655 and a fuzzy call price that has a nonlinear and asymmetric shape assuming a deepmeaning. Fig. 2 (all figures
areMATLAB outputs) shows, in fact, that the introduction of three triangular fuzzy numbers r , σ and S implies a considerably
large support and a non-negligible asymmetry that helps in making decisions more than the expected price.
In fuzzy calculus, as is well known, the linear shape of fuzzy numbers is lost even when simple arithmetic operations are
applied.
Zmeskal, in [14], formulates a fuzzy stochastic model that cannot be solved analytically but as a nonlinear programming
problem with input data that are linear fuzzy numbers. The empirical application in his work is devoted to the finding of
the fuzzy firm value.
Lee et al., in [15], adopt the fuzzy decision theory and the Bayes rule to measure fuzziness in option analysis. Chrysafis
and Papadopoulus, in [16], suggest the use of fuzzy estimators of volatility in the Black and Scholes option pricing model.
Thiagarajah et al., in [17], show the use of adaptive nonlinear fuzzy numbers to model parameter uncertainty in the Black
and Scholes model.
Wu, in [18,19], fully justifies the use of fuzzy numbers to model uncertainty in option pricing, and he applies the Black
and Scholes formula to find the fuzzy call option price when three key variables are triangular fuzzy numbers.
First, we test the LU representation in the same simulated example as in [18]: the valuation of a call option with a three-
month time to maturity T = 0.25, a strike price K = 30 and with the interest rate r , the underlying stock price S and the
volatility σ modelled as triangular fuzzy numbers having, respectively, supports [4.8%, 5.2%], [32, 34] and [8%, 12%].
Consequently, we price a call option that cannot be out of the money (so that it will be always exercised) because the
crisp strike price is always smaller than the smallest value of the fuzzy underlying stock price (Fig. 3).
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Fig. 4. Non-triangular shapes of the variables; same values as in Wu.
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Fig. 5. Asymmetric shape of the volatility; same values as in Wu.
The first consideration shows the fact that the LU approach is computationally simpler and does not overestimate the
fuzziness, as is seen in the following table.
WU Lower upper
α = 0.98 [3.3092, 3.4534] [3.3611, 3.4016]
α = 0.99 [3.3453, 3.4174] [3.3712, 3.3914]
Here, the level cut intervals 0.98 and 0.99 are significantly smaller than the intervals estimated in [18]. The same behaviour
is even more evident for level cut intervals with a higher degree of uncertainty.
In the example mentioned, the triangular symmetric shape of the three key variables is a constraint in the modelling
of a perception that an individual may have about the market behaviour. It may happen, for example, that the economic
situation persuades the investor that the future interest rates will not move away from the current value: the shape in Fig. 4
can describe this perception.
At the same time, there can be great uncertainty about the underlying price of the option due to imprecise events related
to financial management or to economic cycles.
Finally, observations about historical volatility or implied volatility convince the investor that no large fluctuations will
occur in the future and the uncertainty can be summarized in a graphic as in Fig. 4. The shape of the fuzzy option price shows
that the underlying has the biggest influence on the shape of the call: if the perceived uncertainty about the behaviour of
the underlying price is large then the same uncertainty will be reflected in the final price.
Asymmetry is a common feature in the dynamics of financial instruments; Fig. 5 shows a possible situation in which, due
to past observations, the investor believes that fluctuations in volatility are more possible for larger values than for smaller
ones.
It happens that the fuzzy call option price is very little influenced by the asymmetry in volatility.
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Fig. 6. S&P 500 from March 2001 to March 2002.
Table 1
Comparison between Black and Scholes and Market
call option prices.
Strike price B&S call price Market call price
1050 113.7 113.8
1100 71.5 74
1150 38.7 41.8
1200 17.6 19.5
1250 6.7 7.4
1300 2.1 2.3
So far, we have handled money options; when we change the strike price value, the situations vary in a more interesting
way because the asymmetries seem to have more influence. Computational experiments confirm that greater values of the
strike price correspond to smaller call option prices because it will be more difficult to exercise. On the other hand, bigger
values of the time to maturity correspond to bigger call option prices because the underlying price can reach the strike with
a higher probability.
In order to highlight how relevant the uncertainty modelled through fuzzy numbers can be, we show some more
computational experiments.
In particular, we refer to the universally consideredmost liquid derivativesmarket: options prices on the S&P 500 Index.1
We look at the 208 call options traded on 20March 2002 (the index value was 1151.8) because the parameter estimation
has to take into account the 11 September 2001 attacks2 (one year values are plotted in Fig. 6). Fourmaturitieswere available
that day: one, two, three and six months.
Concerning the risk-free interest rate, trying to ward off recession, the US central bank made seven cuts in 2001; we
model the rate as a linear symmetric fuzzy number with the crisp value equal to 3.5%, near to the mean value for the period.
For a three-month time to maturity, we find the call option prices for different values of the strike price in order to have
an idea of the Black and Scholes performance.
The most argued aspect in financial literature is volatility: in Table 1, we use volatility equal to 14% because this is
considered a fair value for the S&P 500 market in the considered period. It is well known that the Black and Scholes
formula uses the same volatility for price options having different strike prices andmaturities; in addition, due to the normal
distributed returns hypothesis, the volatility is computed as a standard deviation of the historical return values. This implies
skinny ‘tails’ and perfect symmetry, but these features do not always reflect the market behaviour: all uncertainty is treated
as risk but, for example, investors worry about their losses to the left of the average, but they do not worry about gains to
the right of the average.
Modelling uncertainty about volatility as a fuzzy number can, otherwise, include personal beliefs and feelings, stylized
facts and market events without removing the stochastic nature.
For example, a guess value for the S&P 500 index volatility on 20 March 2002 has to take into consideration the fact that
the period before had been a period of high volatility for the S&P 500 index especially, when the event in September 2001
is included in the time window.
To analyze the impact of volatility modelled as a fuzzy number, we take the three-month call option traded on 20 March
2002, with strike price 1050 (deep in the money) and a fuzzy linear and symmetric interest rate with crisp value 3.5%,
1 The importance of options on S&P 500 is proved by VIX, which is the ticker symbol for the Chicago Board Options Exchange constructed using the
implied volatilities of a large number of S&P 500 call and put index options.
2 The attacks had a significant economic impact on world markets. The New York Stock Exchange, the American Stock Exchange, and NASDAQ did not
open on 11 September 2001 and remained closed until 17 September 2001. When the stock markets reopened, the Dow Jones Industrial Average stock
market index suffered its biggest-ever one-day point decline.
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Fig. 7. Asymmetric nonlinear shape of volatility.
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Fig. 8. Symmetric linear shape of volatility.
a fuzzy linear and symmetric underlying price with crisp value 1151.8 (the value of the S&P 500 index at that day) and a
fuzzy nonlinear asymmetric volatility that incorporate the idea of a future market behaviour characterized bymost possible
periods of low volatility.
Fig. 7 shows how a fuzzy number canmodel uncertainty about volatility behaviour by fitting personal persuasions in the
most flexible way. The interest rate and the underlying price are triangular fuzzy numbers, for example, because there is no
cogent forecast about them.
When the fuzzy volatility becomes a triangular fuzzy number, the shape of the fuzzy call price changes slightly, as is
shown in Fig. 8, in terms of the support values and of the branch curvature. Again, as observed in the Wu example, the
sensitivity of the fuzzy call price with respect to volatility is not so strong to justify an expensive investigation into different
ways of computing the volatility.
Making a comparison between Figs. 7 and 8, it can be argued that when the possibility of smaller volatility has a lower
degree then the call option can reach smaller values.
Fig. 9 shows what seems to be extremely important in the research of the fuzzy call option price. The behaviour of the
fuzzy underlying price reflects what really happened after March 2002: the S&P 500 index started to decrease until about
April 2003, when the index slowly rose again.
The shape of the underlying reflects the perception one investor can have about the fact that the index will depreciate;
the fuzzy call price is deeply sensitive with respect to it, and it reflects the same kind of uncertainty with a bigger possibility
level. It seems that the fuzziness outweights the possible lower values of the index and produces most possible lower values
of the call option price.
In Fig. 10, large movements of the underlying index towards lower values are believed to be possible. The shape of the
fuzzy call option price incorporates the shape of the underlying, and it is a little bit influenced by the volatility shape.
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Fig. 9. Asymmetric nonlinear shape of the underlying.
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Fig. 10. Asymmetric nonlinear shapes of volatility and underlying.
The extensive analysis of all simulated cases suggests some interesting considerations. First of all, the LU parametric
representation maintains the shape of the fuzzy numbers involved and also, with few nodes, is very precise in computing
the call premium; in addition, with a low number of computations it is possible to view the membership functions and to
use them for further operations. Second, when themoneyness
 X
S

is around one (at themoney), also the LU-fuzzy Black and
Scholes model overprices call options. In order to state some preliminary connections between the call option price and the
shape of the three fuzzy variables introduced in the model, we can argue that an asymmetry in the shape of the underlying
price induces an asymmetry of the same type on the call option price. Moreover, an asymmetry in the shape of the volatility
produces effects on the call option premium that depends on the moneyness: the asymmetry is of the same type when the
moneyness is around one and it is different when the moneyness is far from one.
Fig. 11 shows the three Greeks (delta, vega and rho) that are no longer fuzzy numbers, but their shape can be helpful in
the deduction of an efficient hedging strategy.
5. Conclusions and directions for future work
We study the effects of the LU-fuzzy modelling of uncertainty in the Black and Scholes model for option pricing. The
stochastic nature of the model is preserved, but the interest rate, the underlying stock price and the volatility are supposed
to vary in a fuzzy, also nonlinear, way. Beliefs and information on the historical values of these three parameters can be
formalized through a flexible shape when we want to take a position on an option. The LU representation makes graphic
visualization and efficient calculus possible, and at the same time a refined sensitivity analysis can be carried out.
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Fig. 11. Greeks for linear and symmetric rate, volatility and underlying.
Future work is directed to model non-constant volatility, as it is everywhere recognized that constant volatility is not
adequate for empirical purposes and fuzziness may not be enough. In our future work, continuous-time stochastic volatility
models with fuzzy parameters will be studied.
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